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ABSTRACT 

The Sunblazer is a small s o l a r  probe that  must be 
tracked by measuring azimuth, e l e v a t i o n ,  and range rate a t  
one s t a t i o n  on the E a r t h ' s  surface.  The geometr ical  as- 
p e c t s  of r e l a t i n g  Ea r th  s t a t i o n  coord ina tes  t o  an i n e r t i a l  
coord ina te  s y s t e m  are examined. A Kalman f i l t e r  i s  devel- 
oped t o  provide a r ecu r s ive  maximum-likelihood estimate of 
t h e  dev ia t ion  of  t h e  probe's t r u e  s ta te  from a nominal state.  
The f i l t e r  is  incorpora ted  i n  the  flow c h a r t  of a complete 
data process ing  program. The diagonal  elements of  t h e  s ta te  
d e v i a t i o n  e r r o r  covariance matrix at conjunct ion are com- 
puted f o r  varying q u a l i t i e s  of' range rate data and are shown 
t o  coincide w i t h  t h e  r e s u l t s  of a similar i n v e s t i g a t i o n  per- 
formed by D. 0. Madl. I n  addi t ion ,  t he  p o s s i b i l i t y  of  op- 
t i m a l l y  schedul ing t h e  measurements i s  discussed - 
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!#h 
M 

P 

H 

K 

R 

c4 

P - 

I n i t i a l  value of ( ) 

Value of ( ) at stage i 

The q u a n t i t y  ( ) i s  nominal. 

Quan t i ty  ( ) i s  a column vec tor .  

Es t imated  value of ( ) before  measurements 

B e s t  estimate of ( ) 

Deviation of ( ) from a nominal value 

Time d e r i v a t i v e  of ( ) 

Vector ( - ) i s  coordinat ized i n  frame n. 

The t ranspose  of t h e  mat r ix  o r  column vec to r  ( ) 

Inverse  of t h e  square m a t r i x  ( ) 

Expected value o f  ( ) 

A func t ion  of ( ) 
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6x6 error covariance mat r ix  before  measurement 

6x6 e r r o r  covariance mat r ix  of  t h e  best estimate 
of  t he  state devia t ion  

3x6 matr ix  r e l a t i n g  measurement dev ia t ions  t o  
s ta te  dev ia t ions  

6x3 f i l t e r  weighting matr ix  

3x3 diagonal  measurement e r r o r  covariance mat r ix  

3x3 or thogonal  t ransformation mat r ix  from coordin- 
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Pos i t ion  v e c t o r  of  t he  probe w i t h  r e spec t  t o  the  
t r a c k i n g  s t a t i o n  
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CHAPTER 1 

INTRODUCTION 

The Sunblazer s o l a r  probe is t o  be launched from Wallops 

I s l a n d  i n  t h e  summer of 1968. It w i l l  be  the  f irst  i n  a 

proposed series of  s o l a r  sa te l l i t es  which w i l l  be  used t o  

i n v e s t i g a t e  p r o p e r t i e s  of t h e  Sun's corona. The MIT Center 

for Space Research has published a complete summary of the 

objectives of the project and the composition of the probe 

itself in Report PR-5255-5. 

1.1 General Problem 

T h i s  thesis is concerned wi th  t h e  t r a c k i n g  of  t h i s  probe 

i n  a manner which w i l l  u t i l i z e  Kalman f i l t e r i n g  techniques 

t o  ob ta in  a b e s t  e s t ima te  o f  i t s  p o s i t i o n  and ve loc i ty .  

probe w i l l  contain a r ad io  t r a n s m i t t e r  which w i l l  t r ansmi t  

a t  two predesignated frequencies during t h e  e n t i r e  mission. 

D i rec t iona l  antennas a t  the E l  Campo, Texas, t r a c k i n g  sta- 

t i o n  are t o  be used t o  obta in  the  azimuth and e l e v a t i o n  

angles  of t he  probe during the f l i g h t .  Knowing the  t r ans -  

The 

m i t t e d  f requencies ,  the  Doppler s h i f t  of t h e  received s i g n a l  

can be found. This Doppler s h i f t  is used t o  determine t h e  

range ra te  of  the  probe r e l a t i v e  t o  t h e  s t a t i o n .  These 

three q u a n t i t i e s ,  azimuth, e l eva t ion ,  and range rate,  can 
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be used t o  determine t h e  pos i t i on  and v e l o c i t y  o f  t he  space- 

c r a f t .  

Two facts lead t o  the use of f i l t e r i n g  techniques i n  

t h e  determinat ion of vehicle  p o s i t i o n  and ve loc i ty .  F i r s t ,  

azimuth; e l e v a t i o n ,  and range rate may be measured many t i m e s  

dur ing  the  course of t h e  vehicle's f l i g h t .  Second, appl ica-  

t i o n  of the  laws o f  c e l e s t i a l  mechanics w i l l  determine an 

approximation f o r  t h e  pos i t i on  and v e l o c i t y  o f  t h e  space- 

c r a f t .  The redundancy inherent  i n  t h e  information a v a i l a b l e  

allows t h e  inaccurac i e s  in t h e  measuring s y s t e m  and t h e  in -  

accu rac i e s  i n  t he  approximate s o l u t i o n  t o  be p a r t i a l l y  f i l -  

tered. 

upon, among o t h e r  f a c t o r s ,  t h e i r  magnitude, the  number of  

measurements taken, and the  t i m e s  a t  which t h e  measurements 

are taken. 

1 . 2  The Object ives  and t h e  Order of  P resen ta t ion  

How w e l l  these inaccurac ies  may be e l imina ted  depends 

The f irst  o f  the two main ob jec t ives  of  t h i s  thesis i s  

the  development of  a computational procedure which uses  ac- 

t u a l  data Prom t h e  t r ack ing  s t a t i o n  t o  compute a best estimate 

o f  the p o s i t i o n  and ve loc i ty  o f  the probe. 

described by a flow c h a r t  i n  Chapter 5 from which a computer 

program can be w r i t t e n  t o  process a c t u a l  measurement data. 

The second ob jec t ive  i s  t o  v e r i f y  t h e  r e s u l t s  and conclusions 

presented  by D. 0. Madl i n  h i s  Master's Thesis ( R e f .  13 ) .  

This was done by using a model, as exact  as poss ib l e ,  of t h e  

Sun-Earth-probe s y s t e m  and computing what Madl c a l l e d  a 

"Figure of Merit." The comparison w i t h  Madl's r e s u l t s  i s  

T h i s  procedure i s  
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made i n  Chapter 6. Also included i n  t h i s  chapter  are some 

comments concerning optimal schedul ing of  t h e  measurements 

which are an outgrowth o f  t h e  main study of t he  thesis. 

Chapter 2 descr ibes  the  coordinate  frames and t r ans fo r -  

mations incorpora ted  i n  the  mathematical d e s c r i p t i o n  of  t h e  

model. These coordinate  t ransformations are used t o  compute 

t h e  elements of a mat r ix  which relates t h e  s ta te  of t h e  probe 

t o  the measurements. The a n a l y t i c  expressions i n  t h i s  ma- 

t r i x  are der ived i n  Chapter 3. T h i s  matr ix  i s  an important 

par t  of t he  f i l t e r  which i s  used i n  the  data process ing  pro- 

gram. Chapter 4 is  devoted t o  t h e  d iscuss ion  and explana t ion  

o f  t h i s  f i l t e r .  The program used t o  compute t h e  numerical 

r e s u l t s  presented  i n  Chapter 6 I s  descr ibed and l is ted i n  

t he  Appendix . 
1.3  General Assumptions 

Severa l  assumptions a re  inhe ren t  i n  a l l  t he  material pre- 

sented.  Range rate i s  obtained by the  recept ion  of  r a d i o  

s i g n a l s  from the  probe as previously stated. It is  assumed 

tha t  pure range rate data a r e  ava i l ab le ;  t ha t  is, a l l  biases 

have been removed from the  r a d i o  s i g n a l ,  and t h e  Doppler 

problem has been solved t o  procure range rate. If t h e  data 

conta in  unknown biases, t h e  f i l t e r  can be altered t o  o b t a i n  

a best estimate of these biases, and t h e y  can be removed. 

The nominal probe o r b i t  used f o r  t h e  c a l c u l a t i o n s  of t h e  

"Figure of Merit" i s  tha t  suggested by Harrington and used 

by Madl. 
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The c h a r a c t e r i s t i c s  of t h i s  o r b i t  are as follows: 

1 -  

Per ihe l ion  r ad ius  .528 AU 

Aphelion r ad ius  1.00 AU 

j Period 213 TU 
I n c l i n a t i o n  t o  t h e  e c l i p t i c  
a t  t i m e  of  i n j e c t i o n  O 0  

Launch date 22 J u l  66 I 
i 

This o r b i t  is a c lose  approximation t o  t h e  o r b i t s  intended 

for  the  a c t u a l  f l i g h t s .  

. 
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CHAPTER 2 

GEOMETRICAL ASPECTS OF TRACKING THE PROBE 

I n  view of t h e  goa ls  of t h e  Sunblazer p r o j e c t ,  it is  i m -  

p e r a t i v e  t o  know t h e  s t a t e  of  t h e  probe r e l a t i v e  t o  t h e  Sun. 

Since data received a t  t h e  t r a c k i n g  s t a t i o n  y i e l d  informa- 

t i o n  concerning t h e  probe state w i t h  r e spec t  t o  t h e  s t a t i o n ,  

it is  n a t u r a l  t o  assume t h a t  the  desired probe state can b e  

c a l c u l a t e d  by determining the s t a t i o n  p o s i t i o n  and v e l o c i t y  

w i t h  r e spec t  t o  t he  Sun. 

R - = - P +-Ss 
V = 6 + G s  - - 

(2.1) 

Ft, p, and R are p o s i t i o n  vec to r s  from Sun t o  probe, sta- 

t i o n  t o  probe, and Sun t o  s t a t i o n ,  r e s p e c t i v e l y ,  and equa- 

t i o n  2.2 ls  the t i m e  d e r i v a t i v e  of 2.1. This, however, i s  

S S  

n o t  the case because p and 6 cannot be determined w i t h  suf-  

f i c i e n t  accuracy from the t r ack ing  data. 
- - 

To obta in  t h e  d e s i r e d  accuracy i n  t he  c a l c u l a t i o n  of 

R, and V, it  is  necessary t o  take a rather i n d i r e c t  approach 

i n  which nominal values  a re  s p e c i f i e d  f o r  the s ta te .  This 

- 

permits nominal va lues  t o  b e  c a l c u l a t e d  f o r  p and h. - 
% = % - % S  (2.3) 

& = % - G s  (2.4) 
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Once nominal information is obtained, a Kalman f i l t e r  can be 

used t o  estimate t h e  probe's t r u e  state. 

To determine t h e  nominal values  i n  equat ions  2.3 and 

2.4,  i t  is necessary t o  r e l a t e  the vec tors  i n  a s i n g l e  coor- 

d i n a t e  frame. To do t h i s ,  the complex motions of the  Ear th  

i n  i n e r t i a l  space must be examined, and s e v e r a l  in te rmedia te  

coord ina te  frames must be defined. 

2 . 1  Motion of the  E a r t h ' s  Center 

The c e n t e r  of t h e  E a r t h  revolves  around t h e  Earth-Moon 

barycenter  i n  approximately an e l l i p t i c  o r b i t  w i t h  a per iod 

o f  about 28 days. The o r b i t  of the Ear th ' s  c e n t e r  around the  

barycenter  can be i n f e r r e d  from knowledge of t h e  Moonfs o r b i t  

around t he  E a r t h .  It is  t h i s  barycenter  t h a t  is  i n  a 

s l i g h t l y  per turbed  e l l i p t i c  o r b i t  around t h e  s o l a r  s y s t e m  

barycenter ,  which, t o  a high degree of  accuracy, i s  the  cen- 

ter  of t h e  Sun. To a i d  in t he  following ana lys i s ,  R w i l l  
S S  

be  divided i n t o  three d i f f e r e n t  p o s i t i o n  vec to r s ,  sb, R -b, 

and E, which are descr ibed i n  f i g u r e  2.1. From t h e  i l l u s -  

t r a t i o n  it can be seen t h a t  

2 . 2 Coordinate Frames 

The s e l e c t i o n  of t h e  coordinate frames i l l u s t r a t e d  i n  

f i g u r e  2 .1  was motivated by t h e  a v a i l a b i l i t y  of information 

concerning t h e  o r i e n t a t i o n s  of  these frames w i t h  r e spec t  t o  

each o ther .  The r e l a t i o n s h i p s  between t h e  frames are based 

on the t i m e  varying o r i e n t a t i o n s  of t h e  Ea r th ' s  e q u a t o r i a l  
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plane,  t he  e c l i p t i c ,  and t h e  ve rna l  equinox d i r e c t i o n .  The 

e c l i p t i c  is defined as t h e  mean p lane  of the  E a r t h ' s  o r b i t  

around t h e  Sun. The vernal  equinox d i r e c t i o n  i s  defined by 

a l i n e  from t h e  c e n t e r  of the E a r t h  t o  the ascending node of 

the ec l ip t i c  i n  t h e  e q u a t o r i a l  p lane  or, i n  o t h e r  words, t o  

the po in t  a t  which t h e  Sun i n  i t s  annual apparent path Wound 

t h e  E a r t h  c rosses  t h e  equator  from south  t o  nor th ,  (8:24) 

The equator  and e c l i p t i c  and hence t h e  ve rna l  equinox direc-  

t i o n  vary i n  spat ia l  o r i e n t a t i o n  due t o  t h e  g r a v i t a t i o n a l  

e f f e c t  on the Ear th  of  other celestial bodies ,  

The motion of t h e  e q u a t o r i a l  p lane  is due t o  t h e  gravi-  

t a t i o n a l  a t t r a c t i o n  o f  t h e  Sun and Moon on the  E a r t h ' s  equa- 

t o r i a l  bulge and is  commonly broken down i n t o  two separate 

motions. The first  motion, nu ta t ion ,  is t he  r o t a t i o n  of the  

t r u e  p o l a r  a x i s  about a mean polar a x i s  w i t h  a per iod  of ap- 

proximately 18.6 years and a maximum amplitude of 9 seconds 

o f  arc, The second motion, l un i - so la r  precess ion ,  is  t h e  ro- 

t a t i o n  of t he  m e a n  p o l a r  ax i s  about t h e  mean po le  of t h e  

e c l i p t i c  w i t h  a period of approximately 26,000 years .  

The motion of t h e  e c l i p t i c  i s  due t o  the  g r a v i t a t i o n a l  

a t t r a c t i o n  of the  planets on the  Ea r th  as a whole and I s  re- 

ferred t o  as p l ane ta ry  precession.  Due t o  t h i s  effect ,  t h e  

equinox precesses  approximately 12 seconds of  a r c  per  century.  

Luni-solar precess ion  and p l ane ta ry  precess ion  are nor- 

The com- m a l l y  considered j o i n t l y  as a gene ra l  p recess ion ,  

bined r e s u l t  is a smooth, long term precess ion  of  t h e  ve rna l  

equinox d i r e c t i o n .  For a more complete d i scuss ion  of 
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n u t a t i o n  and precession,  see References 8 and 17. 

The o r i e n t a t i o n s  of t he  frames labeled 1, 2, 3, and 4 i n  

Fig.  2 . 1  w i l l  be discussed i n  terms of  t h e  motions which 

have been described. The r e fe rence  plane of frame 1 i s  the  

m e a n  e q u a t o r i a l  p lane  of t h e  epoch 1950.0. This plane con- 

t a i n s  the X, ax i s ,  which I s  def ined  by t h e  mean d i r e c t i o n  Qf 

v e r n a l  equinox a t  1950.0. 

i n  t h e  r e fe rence  plane,  and Z 1  completes t h e  Car tes ian  frahe. 

The r e fe rence  plane of frame 2 is t he  mean e q u a t o r i a l  

The Y, a x i s  l ies  90' east of X1 

p lane  a t  t h e  t i m e  of in terest ,  t ,  and t h e  re ference  d i r e c t i o n  

X2 is  t h e  mean ve rna l  equinox d i r e c t i o n  at t. 

t i o n  between frames l and 2 depends upon the  p recess iona l  

motion of the  equinox in t h e  i n t e r v a l  1950.0 t o  t. 

The o r i en ta -  

The reference  plane of frame 3 is  the  t r u e  e q u a t o r i a l  

plane a t  t i m e  t ,  and t h e  X, a x i s  corresponds t o  the t r u e  d i -  

r e c t i o n  of v m a l  equinox a t  t. The o r i e n t a t i o n  between 

frames 2 and 3 i s  a funct ion of  t he  p o l a r  a x i s  nu ta t ion .  

Since n u t a t i o n  and precession are very long term e f f e c t s ,  

frames 1, 2, and 3 w i l l  not d i f fer  from each o t h e r  by more 

than  a minute of  a r c  i n  a 20 year i n t e r v a l .  

Frame 4 differs from frame 3 by the Greenwich hour angle ,  

y ,  about t he  t r u e  p o l a r  axis Z3,,+. 

t opocen t r i c  coord ina te  frame centered a t  t h e  t r a c k i n g  sta- 

t i o n .  The x and z axes l i e  i n  t h e  l o c a l  meridian plane w i t h  

the  z a x i s  po in t ing  toward the  E a r t h ' s  c e n t e r  and the x a x i s  

90' from z i n  a no r the r ly  d i r e c t i o n .  The y a x i s  p o i n t s  

toward t h e  east and completes the  orthogonal t r iad.  An 

Frame 5 i s  a s tandard 
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azimuth angle ,  A, is defined i n  frame 5 and w i l l  be measured 

from t h e  x a x i s  t o  the  p ro jec t ion  of p on the plane def ined - 
by t h e  x and y axes. The e l e v a t i o n  angle ,  L, i s  measured 

from t h e  x-y plane t o  - p .  A t  t h i s  po in t  it is  important t o  

n o t e  that  there are at l e a s t  two frames t o  which measurements 

can be referred. I n  some ins t ances ,  a measurement frame i s  

def ined  such that  t h e  z axis l i es  along the  Ear th ' s  g r a v i t y  

vec to r  rather than point ing d i r e c t l y  toward the  E a r t h ' s  cen- 

ter .  The z a x i s  of  such a frame would dev ia t e  from the z 

a x i s  of  frame 5 by a small angle  composed of  two angles  

known as t h e  d e f l e c t i o n  of the  v e r t i c a l  and the  dev ia t ion  of 

the normal. For a more complete d iscuss ion  of these angles ,  

see References 6 and 10. The e n t i r e  dev ia t ion  w i l l  n o t  

u sua l ly  be i n  t h e  l o c a l  meridian plane.  It is  poss ib l e  t o  

c a l c u l a t e  t h e  devia t ions  a n a l y t i c a l l y  and a l i g n  the  measuring 

equipment such t h a t  frame 5 i s  instrumented. T h i s  i s  assumed 

t o  be t h e  case i n  t h e  development t h a t  follows. I f ,  however, 

it is  desired t o  instrument a frame def ined  by t h e  g r a v i t y  

vec to r ,  an a d d i t i o n a l  r o t a t i o n  mat r ix  r e f l e c t i n g  the  differ-  

ence between frame 5 and t h e  a c t u a l  measurement frame must 

be  introduced. 

Frame 6 i s  a probe centered, f l i g h t  path coord ina te  sys- 

t e m .  The q a x i s  of  t h e  frame i s  def ined by the  probe veloc- 

i t y  vec to r  while  t h e  u a x i s  l i e s  i n  t h e  d i r e c t i o n  r e s u l t i n g  

from t h e  c ros s  produce R x V. 

V x (R x V). 

The p a x i s  i s  then  def ined by - -  
- - - 
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2.3 Expressing Pos i t ion  and Veloci ty  Vectors i n  a 
Coordinate Frame 

Because the  ephemerides of t h e  Moon and t h e  Earth-Moon 

barycenter  are a v a i l a b l e  i n  i n e r t i a l  frame 1, the  vec to r  

equat ion 2.5 w i l l  be  coordinat ized i n  t h i s  frame. It is 

convenient t o  express p i n  frame 5 and r I n  frame 4. Thus 

equation 2.5 w i t h  frame s p e c i f i c a t i o n  can b e  r e w r i t t e n  as 
- - 

o r  

The s u p e r s c r i p t  i n d i c a t e s  the frame i n  which the  components 

of t h e  p o s i t i o n  vec tors  are  given, and Ck i n d i c a t e s  a 3x3 

t ransformation matr ix  from frame j t o  frame k. I n  frame 5 

9 

j 

t he  components of p are - 

P - 

I n  frame 4 t h e  components of r are - 

The components of R 

t h e  components of t h e  pos i t i on  and v e l o c i t y  vec tor  of t h e  

and Gb i n  a Sun centered frame 1 and 
s b  

Moon w i t h  r e spec t  t o  t h e  Earth, Sm and V I m ,  i n  an E a r t h  cen- 

tered frame 1 are  obtained from t h e  Jet  Propulsion Laboratory 

Ephemeris Tapes descr ibed i n  Chapter 5 and in References 1 4  
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can be obtained and %b and 15. As mentioned earlier,  R 

r ead i ly  from R and Sm. Considering t h e  d e f i n i t i o n  of t h e  

mass c e n t e r  of two bodies,  

-eb 

-em 

m R  = m R  m-bm e--eb (2.10) 

R is the  p o s i t i o n  vec tor  of the Moon w i t h  respect t o  the 
a m  
barycenter ,  and m 

Moon, r e spec t ive ly .  Adding R m t o  both sides of  equat ion 

2.10 y i e l d s  

and mm are the masses o f  t h e  Ea r th  and e 

T b  m 

( m  + m )R = m ( R  (2.11) e m --eb m -eb + %m) 

but  %b + %m = Sm 

Therefore ,  i n  frame 1 

and 

(2.12) 

(2.14) 

where 

= m /(me + mm) (2.15) m 
The elements o f  t h e  t ransformation matrices C l  and 

are func t ions  only of the t i m e  i n t e r v a l  from 1950.0 t o  C$ 
the  cu r ren t  t i m e  of i n t e r e s t ,  t .  Since these mat r ices  deal 

w i t h  the  extremely smooth, long term motions of precess ion  

and n u t a t i o n ,  t h e i r  t i m e  r a t e s  of  change are taken  t o  be 

zero. 

The elements o f  the  matr ix  C: are a func t ion  of  the 

Greenwich hour angle ,  y,  which can a l s o  be  expressed as a 

func t ion  of t h e  t i m e  i n t e r v a l  only.  The t i m e  rate of change 
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of t h i s  m a t r i x  i s  again a func t ion  of  y and f o r  O ,  t h e  

E a r t h ' s  r o t a t i o n  rate. 

tude and longi tude ,  and i ts  t i m e  d e r i v a t i v e  is zero  s i n c e  

t h e  t r a c k i n g  s t a t i o n  i s  f ixed  on t h e  Ea r th ' s  sur face .  Ana- 

l y t i c  expressions f o r  a l l  of the t ransformation matrices and 

t h e i r  d e r i v a t i v e s  are given i n  Chapter 5. 

The matr ix  C z  i s  a func t ion  of l a t i -  

I n  summary, the  v a l i d i t y  of  the following expressions 

has been established. 

D i f f e r e n t i a t i n g  w i t h  respec t  t o  t i m e  

It has a l s o  been shown t h a t  given a s p e c i f i c  t i m e  after t h e  

epoch 1950.0 and t h e  geocentr ic  p o s i t i o n  of the  t r a c k i n g  

s t a t i o n  ( 4  and E), t h e  vec tor  components of R ( l ) ,  V ( l ) ,  R ( l ) ,  

3 b  
w i t h  the t ransformation matr ices  C:, C;, C:, C:, and C:. 

Thus if a nominal t ra jec tory  i s  s p e c i f i e d  f o r  the probe i n  

terms of  R - and V, - values  f o r  t h e  components of  - p and - could 

be computed from equat ions 2.16 and 2.17. 

t o  ob ta in  - pes) and compute nominal v a l m  f o r  the azimuth 

and e l eva t ion  angles  according t o  equat ion 2.8. These nominal 

values  and t h e  t ransformation mat r ices  d iscussed  w i l l  be used 

i n  t he  development o f  the maximum l i k e l i h o o d  f i l t e r ,  It w i l l  

also B e  necessary t o  use a t ransformat ion  from frame 1 t o  frame 

6. 

-em -em s b  
and - r (4)  can be computed i n  the i n d i c a t e d  frame along 

It i s  a l s o  p o s s i b l e  

T h i s  t ransformation i s  d iscussed  i n  Chapter 5. 
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CHAPTER 3 

MEASUREHEHTS AND THE NOMINAL TRAJECTORY 

A s  w i l l  be shown l a t e r ,  c e r t a i n  measurements and statis-  

t i c a l  p r o p e r t i e s  of  the e r r o r s  i n  these measurements can be 

used t o  make an estimate of t h e  probe’s state. 

done i n  a manner t ha t  w i l l  minimize t h e  mean square devia- 

t i o n  of the state of t h e  probe from some assumed nominal 

s ta te .  To do t h i s ,  the s t a t e  devia t ion  must be related t o  

the measurement devia t ions .  

3.1 General Equations 

This w i l l  be 

I n  genera l ,  i t  can be w r i t t e n  that  a measurement i s  

some func t ion  of  the s ta te .  

m = f(5) (3.1) 

Using the expression f o r  p(5)  from equat ion 2.8 i n  equat ion  

2.7, i t  i s  evident  that the r e l a t i o n s h i p  expressed by equa- 

t i o n  3 . 1  is  nonl inear ,  For t h i s  reason a l i n e a r i z e d  Taylor 

Series is  used. 

about t h e  nominal 

Expanding equat ion 3.1 i n  a Taylor Series 

+ l ( x  - ) + . . (3.2) 2 -  
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Defining t h e  dev ia t ions  from t h e  nominal, 

& m = m -  (3.3) 

& x = x - x  (3.4) 
mN 
-N - - 

If the  dev ia t ion  from the nominal i s  small, then  t h e  series 

may be t runca ted  and wr i t t en  

The s i z e  of t he  dev ia t ion  depends on how w e l l  t h e  nominal 

t r a j e c t o r y  f i t s  t h e  a c t u a l  t r a j e c t o r y .  

when t h e  determinat ion of t h e  nominal t r a j e c t o r y  i s  considered. 

I n  the  case considered, t h e  measurements are 6, A, and 

L, and the  s t a t e  t o  be  determined i s  t h e  R and V i n  equat ions  

T h i s  w i l l  be d iscussed  

- - 

- 2.16 and 2.17. It I S  assumed tha t  Sm, %by V --em, v and r 

are w e l l  known s o  t h a t  t h e i r  dev ia t ions  from these known 

va lues  are zero.  p i s  a func t ion  of A, L, and 6 while  

t h e  o t h e r  vec to r s  and t ransformation matr ices  are independent 

of t he  measured q u a n t i t i e s .  

T a k i n g  t h e  v a r i a t i o n  of R w i t h  r e spec t  t o  b ,  A ,  and L, - 

3.2 Var ia t ion  i n  Azimuth and Eleva t ion  

To get equat ion 3.6 i n  the d e s i r e d  form, 

& m  = f(65) = hT&x - -  
each v a r i a t i o n  must  be examined separately. 

t o  & A  

&R = aB & A  
- m  

(3 .7)  

F i r s t ,  &R due - 

(3.8) 



Taking t h e  p a r t i a l  de r iva t ives  of t h e  q u a n t i t i e s  i n  equa- 

t i o n  2.1 wi th  r e spec t  t o  A and no t ing  t h a t  aR = 0 y i e l d s  
T F s  

From equat ion 2.4 

Dott ing both s i d e s  of equation 3.8 with equat ion 3.10, 

Thus 

- s in  A 
cos A 
0 

6 A  = 1 
p cos L 

The c o e f f i c i e n t  of 6R w i l l  be c a l l e d  

A similar a n a l y s i s  f o r  6L y i e l d s  

- the vec to r  a. 

Lsin L cos ~l 
6L = L -sin L s i n  A 6R I -  -cos L P I 

L J 

with 

-sin L cos A 
k ( 5 )  = p 
aL 

(3.9) 

and 
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3.3 Varia t ion  i n  Range Rate 

To determine t h e  r e l a t i o n s h i p  f o r  range ra te  v a r i a t i o n ,  

s i ,  an i n d i r e c t  approach must be used. 

Taking the  v a r i a t i o n  of equat ion 2.1 w i t h  6 S s  = 0, 

6R - = b p  - ( v a r i a t i o n  in p o s i t i o n )  (3.16) 

Also 

&V - = 6h ( v a r i a t i o n  i n  v e l o c i t y )  (3.17) 

6 is  t h e  ra te  of change of p i n  t he  p d i r e c t i o n .  - - 
li r b l  (3.18) 

A l s o  

T & E =  P 2  (3.20) '  

Taking the t i m e  d e r i v a t i v e  of both sides of  equat ion 3.20, 

But 

Thus 

r 

Taking the v a r i a t i o n ,  

Since each term i s  a s c a l a r ,  i t  i s  equal  t o  i t s  t ranspose.  

Transposing t h e  f irst  term, 
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Taking t h e  v a r i a t i o n  of equation 3.20 , 
afl T p t pTap = 2 P b P  

sp = &Tap, 
P 

S u b s t i t u t i n g  equat ion 3.29 i n t o  3.26, 

P P 

S u b s t i t u t i n g  from equations 3.16 and 3.17 f o r  6 9  and si, 

(3.32) 

3.4 H Matrix i n  t h e  Measurement Frame 

A measurement vec tor  is def ined  

1 I I 

- s in  A, cos A , 0, 0, 0 ,  0 
p cos L p cos L 

-cos A sin L,  - s in  A s i n  L, -cos L, 0, 0 ,  0 

1"""" 
P P P 

---------------,,,,,,,,,,,,,,,,,, 

I eT (aTg)hT - (&pT 
I 

P 3  I . p  

(3.33) 

(3.34) 
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The matr ix  c o e f f i c i e n t  of' 6x i s  def ined  as H. - 
6m = Hbx (3.35) - - 

The elements of H are evaluated along the  nominal t r a j e c t o r y  

f o r  t he  Taylor Series is  expanded about t h e  nominal s ta te  

value . 
3.5 Rota t ing  i n t o  F l igh t  Path Coordinates 

For reasons stated i n  the fol lowing chapter ,  it i s  de- 

s i rable  t o  have the  dev ia t ions  i n  the  f l i g h t  pa th  coord ina te  

system. T h i s  r e q u i r e s  t h a t  t h e  elements of  the H matr ix  be 

eva lua ted  i n  t h e  frame most convenient f o r  computation and 

then  r o t a t e d  t o  the p-q-u frame. 

This is  easy t o  accomplish i n  the  case o f  t he  t h i r d  row 

o f  t he  H matrix.  Since p and may be determined i n  t he  in-  

e r t i a l  frame (frame 1) f r o m  equat ions 2.16 and 2-17, t h e y  

need only be t r a n s f e r r e d  t o  the  p-q-u frame. 

- - 

Using these, t h e  t h i r d  row o f  t h e  H matr ix  is  w r i t t e n  

L J 

(3.37) 

The numerical c a l c u l a t i o n  o f  h T i s  accomplished i n  a s l i g h t l y  
-3 

d i f f e r e n t  manner i n  the  f low c h a r t  of Chapter 5. 

The first and second rows are conveniently evaluated i n  

t h e  measurement frame and w i l l  be c a l l e d  gT and b, T . (These 



c 

* 

20 

are t h e  f irst  three components; t he  las t  three i n  each row 

are zero.  The zero e l emen t s  are unchanged by the  r o t a t i o n . )  

These two vec to r s  must be t r a n s f e r r e d  t o  t h e  f l igh t  path 

coord ina te  system, 

The vec tor  measurement dev ia t ion  can then be w r i t t e n  

I -  

bm - = [ii] = [ ::] - .  

The preceding de r iva t ions  are similar t o  those presented  

by Mad1 ( R e f ,  1 3 ) .  

3.6 The Nominal Tra jec tory  

Since t h e  elements of H must be evaluated along a nominal 

t r a j e c t o r y ,  P ,  b ,  E, E, A ,  and L must be  determined along 

t h e  nominal. p and h a r e  obtained from equat ions  2.16 and 

2.17 f o r  E, flem, 
- 

R, and t h e i r  t i m e  d e r i v a t i v e s  are 
%b' - 

known t i m e  func t ions  f o r  a s p e c i f i e d  launch t i m e  and refer- 

ence t r a j e c t o r y .  p and ; are s c a l a r s ;  hence, t h e y  are inde- 

pendent of frame. Writing P ( 5 )  , 
-N 

cos LN cos AN 
( 5 )  = COS L~ s i n  % N [ -sin LN ] 
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. The terms on the  r i g h t  a r e  a l l  ca lcu lab le .  

where x,  J ,  and z are the numbers ca l cu la t ed .  

= J xz + y2 + z* pH 

1 - Z  

AN = sin'' Y 
[cos LN J x' + yz + 

(3.43) 

(3.44) 

(3.45) 

(3.46) 

(3.47) 
N P 

These are a l l  of t he  q u a n t i t i e s  needed t o  eva lua te  t h e  H 

mat r ix  a t  a l l  po in t s  along the  t r a j e c t o r y .  

Thus far,  i t  has been assumed t h a t  a nominal t r a j e c t d r y  

for t he  state has been given. This re ference  t r a j e c t o r y  i s  

q u i t e  important for  i f  the dev ia t ion  from it is very large, 

t he  t runca t ion  of t h e  Taylor Series i s  no t  va l id .  The term 

b x 2  and those  of h igher  order become s i g n i f i c a n t .  TO obtain 

t h e  most accu ra t e  H matr ix  poss ib l e ,  it would be necessary 

t o  compute t h e  re ference  t r a j e c t o r y  by numerically so lv ing  

the  many body equat ions o f  motion i n  some manner similar t o  

t h e  one descr ibed i n  J P L  Tech. Report 32-223(Ref. 10). 

eral  s imple r  a l t e r n a t i v e s  e x i s t .  

- 

Sev- 

The s implest  assumption i s  
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t ha t  the  probe i s  i n  an e l l i p t i c a l  o r b i t  about t h e  Sun 

which is determined by t h e  burnout condi t ions .  Another 

method would be t o  use an on-board t ransponder  t o  i n f e r  

veh ic l e  pos i t i on  and ve loc i ty  af ter  burnout u n t i l  the  E a r t h ' s  

sphere of i n f luence  i s  reached. A s o l a r  o r b i t  could be de- 

f i n e d  a t  that  poin t .  
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CHAPTER 4 

MAXIMUM-LIKELIHOOD ESTIMATION 

Severa l  au thors  have described the  theory of maximum- 

l i k e l i h o o d  es t imat ion  (Bryson, B a t t i n ,  Kalman, e t c . ) .  Only 

an o u t l i n e  of  t h i s  t h e o r y  w i l l  be given here, and the  assump- 

t i o n s  p e c u l i a r  t o  t h e  study o f  t h i s  thesis w i l l  be discussed. 

The method presented he re  is  e s s e n t i a l l y  that  given by  

Bryson ( R e f .  3) .  

4 . 1  Deviation Equation 

It i s  desired t o  es t imate  t h e  elements of t h e  s t a t e  de- 

v i a t i o n  vec tor ,  6x, us ing  knowledge o f  t h e  dev ia t ions  of cer- 

t a i n  measurable q u a n t i t i e s ,  b m ,  from nominal values .  The 

measurable q u a n t i t i e s  contain random e r r o r s  which have known 

- 

s t a t i s t i c a l  p r o p e r t i e s .  In  equat ion form 

6m - = H6x - + - v (4.1) 

The H mat r ix  is t h a t  developed i n  t he  t h i r d  chapter ,  and v 

i s  t h e  measurement noise  vector.  

4.2 E r r o r  Covariance Matrices 

- 

To proceed, s t a t i s t i c a l  knowledge of t h e  measurement 

no i se  i s  required.  Thus 

E(vvT) - = R ( 4 . 2 )  

The expected value of the  noise  v e c t o r ' t i m e s  i t s  t ranspose  
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i s  a p o s i t i v e  d e f i n i t e  matrix,  R .  That  i s ,  over many mea- 

surements t h e  diagonal  elements of the R m a t r i x  w i l l  r e f l e c t  

t h e  square of  the  s tandard  dev ia t ions  of t h e  i nd iv idua l  mea- 

surements. Also, some estimate of the devia t ion  is  needed . 

such that  

( 4 . 3 )  

bx - i s  the  t r u e  state devia t ion  which i s  i n a c c e s s i b l e  and 

never known. b'j;. - i s  t h e  estimated s ta te  dev ia t ion  before  a 

measurement, and M is an n x n p o s i t i v e  d e f i n i t e  matrix where 

n is t h e  dimension of t he  s ta te .  

4 . 3  Weighted Least-Squares E s t i m a t e  

A weighted least-squares  estimate, bx, - of t h e  state de- 

v i a t i o n  is  found by minimizing the quadra t i c  f o m  

The weight ing mat r ices  M'' and R'' .are the  inve r ses  of t h e  

matrices that  r e f l e c t  the s t a t i s t i c a l  properties descr ibed 

before  . 
Bryson proceeds t o  show that  the  6x - chosen t o  minimize 

. I  

t h i s  quadra t i c  form is a l s o  t ha t  which is t h e  maximum- 

l i k e l i h o o d  o r  minimum-variance estimate. 

For  convenience, t h i s  abbreviated n o t a t i o n  w i l l  be used 

i n  the development that follows. 
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It is  desired to minimize 

J = 1 [(z - - T  x)  M-l(z - - x) + ( E  - HxlTR’’(m - Hx)] (4.5) - - - - 2 

Taking the  d i f f e r e n t i a l ,  

If dJ i s  t o  vanish f o r  an a r b i t r a r y  dx, t h e  c o e f f i c i e n t  of 

dxT - must be equal  t o  zero.  

Rearranging and c a l l i n g  t h e  - x t h a t  satisfies equat ion 4.7 

the best estimate 2 - 

Adding and s u b t r a c t i n g  HTR’lHx - from t h e  right-hand side, 

(M-1 + HTR-lH)$ - = HTR-l(m - - Hx) - + (M’l + HTR”H)x - (4.9) 

Defining a m a t r i x  P such t h a t  

and mult ip ly ing  both sides of equat ion 4.9 by P, 

2 = x + P H T R - ~ ( ~  - HF) - - - - 

(4 .10)  

( 4 . 1 1 )  
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O r  i n  dev ia t ion  no ta t ion ,  4 . 1 1  i s  w r i t t e n  

The best estimate of the dev ia t ion  af ter  a measurement 

has been taken  depends on an estimate of' t he  dev ia t ion  be- 

Fore the measurement, 6r, t h e  measurement devia t ion ,  6xn, and 

t h e  P, H, and R matr ices .  The H mat r ix  has  been descr ibed 

before  as r e l a t i n g  t h e  s t a t e  dev ia t ions  t o  t h e  measurement 

dev ia t ions  and i s  evaluated along the  nominal t r a j e c t o r y .  

The R mat r ix  i s  known from c h a r a c t e r i s t i c s  of t h e  measuring 

system. The P mat r ix ,  which has only been def ined  thus  far,  

is t h e  e r r o r  covariance matrix of t h e  estimated devia t ion .  

4 . 4 Error  Covariance Hatr ix  A f t e r  Measurement 

The e r r o r ,  e, i s  defined as 

e = 62 - 6x - - - 
It w i l l  be shown t h a t  

Using t h e  abbreviated no ta t ion ,  
n -  - e = ~ - x + X - x  - - - 

Rearranging 
- - - e = - x - - x + (E- x) 

From equat ion 4 . 1 1  

(4.13) 

( 4 . 1 4 )  

(4.16) 

(4.17) 

(4.18) 
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Using 

( 4 . 2 0 )  

Rearranging 

e - = (I - PH~R-~H>(F - - - x) + PHTR-~V - (4 .21)  

For convenience, def ine a matrix K such that 

K s PHTR-~ ( 4 . 2 2 )  

If the deviations and the noise  are assumed to b e  independent, 

that I s ,  

( 4 . 2 4 )  E(vxT) = E(xvT) = E(ZvT) = E(vx -Jr ) = 0 
7 - - - 

then 

E(eeT) - = E [[(I - KH)(? - - - x) + Kx][(I - KH)(x - - - x> + KyIT] 

(4.25) 

Expanding 

+ Kv(Z - 5)  T (I - KH) T + KVV K '1 (4 .26)  - - -  

Using equations 4 . 2 ,  4 .3 ,  and 4.27, 

( 4 . 2 7 )  
E ( e e T )  = (I  - KH)M(I - KH)T + KRK T - 
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Premult iplying equation 4.10 by P and postmult iplying by M, 

M = P + P H ~ R - ~ H M  = P + KHM (4.28) 

O r  

(I - KH)M = P (4.29) 

S u b s t i t u t i n g  i n t o  equat ion 4.29, 

E (E~)  = P - PH T T  K + K R K ~  

Using t h e  d e f i n i t i o n  of K from equat ion 4.24,  

E ( e e T )  - = P + (PHTR-IR - PH T T  )K (4.31) 

E(eeT)  = P + (PHT - PH T T  )K - 

E(eeT)  - = P (4.33) 

This i s  t h e  desired r e s u l t .  The P matr ix  i s  t h e  e r r o r  covari-  

ance mat r ix  of  the  d i f f e rence  between t h e  estimated and t h e  

a c t u a l  state dev ia t ions  (equat ion 4 .16 ) .  Another way o f  

s t a t i n g  t h i s  is t h a t  P is the  e r r o r  covariance matr ix  a f t e r  I 

i nco rpora t ion  of  a measurement. 

4.5 Updating w i t h  the  S t a t e  T rans i t i on  Mat r ix  

The case being considered i s  best  descr ibed by 

(4.34) 

bx 

v i a t i o n  at a l a t e r  t i m e .  bu i s  a vec tor  fo rc ing  func t ion .  

For t h e  p re sen t ,  t h e  forc ing  vec to r  w i l l  be  considered iden- 

t i c a l l y  zero.  Thus 

i s  t h e  s ta te  devia t iQn a t  one t i m e ,  and 6x -i+l is t h e  de- 
-i 

i 
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6 X  = 56% 
1+1 

', - 
(4.35) 

i s  t h e  state t r a n s i t i o n  m a t r i x  from t i m e  t t o  ti+l, and 
i 

would be more completely wr i t t en  $(t ,ti). It i s  either 

a known a n a l y t i c a l  funct ion of t i m e  o r  may be found numeri- 
i+l 

c a l l y .  

It fol lows t h a t  the bes t  estimate a t  a given stage be- 

f o r e  measurement i s  the  best estimate after the  last  

measurement updated w i t h  t h e  s ta te  t r a n s i t i o n  m a t r i x .  
i 

It fol lows also t h a t  t h e  b e s t  e r r o r  covariance matr ix  be- 

f o r e  measurement a t  s t a t e  i i s  t h e  e r r o r  covariance matr ix  

after t h e  l a s t  measurement updated by the t r a n s i t i o n  matrix.  

(Both equat ions  4.38 and 4.39 are w r i t t e n  assuming that  t h e  

d i s t u r b i n g  f o r c e  i s  equal t o  zero . )  

i 
Henceforth, 5 w i l l  denote t h e  t r a n s i t i o n  from s ta te  t 

i+l 
t o  ti. 

i+l 
and q1 w i l l  denote the  t r a n s i t i o n  f r o m  t t o  t 

4.6 I n i t i a l  Conditions 

If' it is assumed t h a t  the best estimate of the state 

dev ia t ion  before  the first measurement i s  equal  t o  zero,  

sz = 0 (4.38) 

then  the  i n i t i a l  e r r o r  covariance mat r ix  before  measurement 
_-o 

is given by 

E ( b x  6xT) = Mo 
-0 -0 

(4.39) 
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For the  mission proposed for t h e  first Sunblazer probe, Ling- 

Temco -Vought has est imated the  s tandard dev ia t ions  of  the  

i n j e c t i o n  condi t ions.  

i n i t i a l  s tate devia t ions .  So t h a t  a comparison can be made 

Madl used these dev ia t ions  t o  compute 

and because t h e  LTV report is  the  best a v a i l a b l e  information, 

the  same numbers used by Madl for t h e  i n i t i a l  e r r o r  covariance 

matrix w i l l  be used here. They are as follows: 

= 10.7 x 10'8 AU2 
u2 RP = u 2  R q  = uBU 

= u2 = 15.3 x l o w 4  ( A U / Y r ) 2  uVP vu 

02 = 2.9 x ( A U / Y r l 2  (4 .40)  vs 

These are t h e  diagonal  terms of t h e  e r r o r  covariance matr ix  

a t  i n j e c t i o n  w r i t t e n  i n  frame 6 o r  the  f l i g h t  pa th  coord ina te  

system. The assumptions made by Madl s t i l l  apply.  That is, 

t h e  e r r o r  i n  p o s i t i o n  a t  burnout and the e r r o r  i n  v e l o c i t y  

at  burnout i n  the p-u p l a n e  are independent of d i r e c t i o n .  

The R mat r ix  i s  a func t ion  of  t h e  devices  used f o r  t ak ing  

the  measurements. The e r r o r  i n  each separate measurement i s  

assumed t o  be  independent of t h e  o t h e r s  so that  the R mat r ix  

i s  a diagonal  m a t r i x  ( a l l  t h e  elements o f f  the main diagonal  

are equal  t o  zero) .  Madl assumed a one-tenth degree va r i a -  

t i o n  i n  t h e  two angle  measurements and va r i ed  the q u a l i t y  

of t h e  range rate data t o  determine i t s  effect .  The same 

procedure w i l l  be used here. These var iances  w i l l  be as- 

sumed cons tan t  over the  e n t i r e  f l i g h t .  If knowledge of  the  
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change i n  the  var iances  w i t h  t i m e  were a v a i l a b l e ,  it could 

be included i n  the  f i l t e r  and would improve the  estimate of 

t h e  s ta te  devia t ion .  

4.7, Recprsive Estimation 

Knowing the  i n i t i a l  dev ia t ion  e r r o r  covariance matrix,  

M ( 0  denotes i n j e c t i o n ) ,  a measurement must be taken a t  
0 

i n j e c t i o n  t o  

O r  

determine t h e  P matrix. 
0 

P-1 = ~ - 1  + HTR-~H, 
0 0 0 

s i n c e  6% has been assumed equal  t o  zero.  

For t he  next measurement, 

(4 .41 )  

(4.42)' 

(4.43) 

( 4 . 4 4 )  

Pyl = M i 1  + HTR-lH, (4.46) 

T h i s  process i s  repeated for  as many measurements as de- 

sired. It i s  evident  that measuring on the average decreases  

the unce r t a in ty  i n  the  estimate of  t he  state Ueviation. 

Looking a t  equat ion 4.10, M'l i s  a p o s i t i v e  d e f i n i t e  matr ix ,  

and t h e  HTRW1H matr ix  is a l s o  p o s i t i v e  d e f i n i t e .  Thus each 

measurement inc reases  the  previously updated P'' mat r ix  and 
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(L decreases  t he  P matr ix .  This P m a t r i x  establishes t h e  qual- 

i t y  of  t he  es t imat ion  of t h e  s ta te  devia t ion .  

For s imula t ion  purposes a c t u a l  measurement data are not 

ava i l ab le .  

available, and the H m a t r i x  i s  evaluated along t h e  nominal 

However, s ince  t h e  Mo and the  R matr ices  are 

t r a j e c t o r y ,  it is possi'ble t o  c a l c u l a t e  the error covariance 

matr ix ,  P, a t  conjunction. This is what Mad1 c a l l s  h i s  

"Figure of  Merit" (13:31). As stated before, t h i s  e r r o r  

covariance matrix i n d i c a t e s  t h e  accuracy of t h e  estimate of  

the s ta te  dev ia t ion  found when using a c t u a l  data. A P ma- 

t r i x  a t  conjunct ion was computed, and t h e  r e s u l t s  are com- 

pared wi th  Madl's i n  Chapter 6 ,  

4.8 State Trans i t i on  Matr ix  

Thus far, noth ing  has been said about t he  state t r a n s i -  

t i o n  mat r ix ,  ,$ . 
a nominal o r b i t  f o r  t h e  probe. Since a two body o r b i t  has 

This matrix is determined by the  choice of  
i 

a s ta te  t r a n s i t i o n  m a t r i x  whose elements are a n a l y t i c  func- 

t i o n s  of  t i m e ,  t h i s  is t he  nominal o r b i t  chosen f o r  t h e  com- 

p u t a t i o n  of t he  r e s u l t s  i n  Chapter 6 .  A more accu ra t e  r e s u l t  

m i g h t -  be obtained by assuming the  nominal o r b i t  t o  be a many 

body problem w i t h  the Sun as the p r i n c i p a l  body. This would 

complicate t h e  ca l cu la t ions  a great deal. E i t h e r  t he  s ta te  

t r a n s i t i o n  matr ix  would have t o  be determined numerically,  

o r  t h e  d i s t u r b i n g  funct ion,  gi, i n  equat ion 4.36 would be a 

nonzero vec tor ,  and a I' matrix would have t o  be found. 

Numerical i n t e g r a t i o n  would be necessary i n  e i the r  case.  
i 
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e Since a program w r i t t e n  by  Mr. Jack Fagan f o r  c a l c u l a t i n g  

t h e  e r r o r  covariance m a t r i x  w a s  ava i l ab le ,  t h e  two body as- 

sumption f o r  a nominal probe  o r b i t  was used. T h i s  seems 

j u s t i f i e d  f o r  t h e  purposes of  t h i s  s t u d y  and would be j u s t i -  

f i e d  i n  the  a c t u a l  processing of  data i f  the  state dev ia t lon  

remained small. M r .  Pagan's program uses an a n a l y t i c a l  

s tate t r a n s i t i o n  m a t r i x  i n  the f l i g h t  path coordinate  sys tem.  

This i s  why t h e  p-q-u coordinate  s y s t e m  was defined. The 

flow cha r t  presented i n  Chap te r  5 presumes a s ta te  t r a n s i -  

t i o n  matr ix  based on many body theory.  

4.9 Predic t ion  

Measurements cannot be taken cont inua l ly  through conjunc- 

t i o n  for the  e f f e c t s  of t he  corona of  t he  Sun des t roy  the  

t ransmiss ion  of  t h e  r a d i o  s i g n a l .  Mad1 determined tha t  the 

two-week per iod on e i ther  side of  conjunction was the  only 

t i m e  when measurements could not  be taken. HIS c r i t e r i a  

w i l l  be  used here. From t h i s  i t  i s  apparent t ha t  some method 

must be used t o  determine t h e  s ta te  dev ia t ion  during t h i s  

pe r iod  f o r  t h i s  i s  when it  must be known. The las t  measure- 

ments w i l l  be taken two weeks before  conjunction. The best 

estimate of t he  state devia t ion  from that  t i m e  u n t i l  two 

weeks after conjunction w i l l  be t h e  best  estimate af ter  t h e  

las t  measurement updated with t h e  s ta te  t r a n s i t i o n  matr ix .  

aP = $ ( t d , T ) 6 P  -T 
*d 

(4.48) 

t i s  t h e  t i m e  during the  conjunction phase of the  f l i g h t  
d 
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t when knowledge of t h e  deviat ion is desired, and T is the  t i m e  

o f  conjunction minus two weeks. 

The P m a t r i x  does not  depend on the  a c t u a l  measurements 

and may be ca l cu la t ed  for  any poin t  along the  t r a j e c t o r y .  

However, s i n c e  no measurements may be taken f o r  a four-week 

per iod ,  the best ind ica t ion  o f  t he  c e r t a i n t y  o f  the  estimated 

s ta te  devia t ion  during t h i s  per iod  i s  the e r r o r  covariance 

mat r ix  af ter  the  las t  measurement, PT,  updated w i t h  t h e  state 

t r a n s i t i o n  matrix.  

(4.49) 

(Both equat ions 4.48 and 4.49 are v a l i d  only f o r  t h e  per iod 

when no measurements are ava i l ab le .  ) 

To review, a s e t h o d  has been developed t o  r ecu r s ive ly  

estimate t h e  s ta te  devia t ion  along some nominal o r b i t  using 

measurement data. T h i s  procedure r equ i r e s  knowledge of  t h e  

i n i t i a l  dev ia t ion  error covariance m a t r i x  and t h e  e r r o r  

covariance matr ix  of  measurement dev ia t ions  . It has been 

assumed that  (1) t h e  measurement e r r o r s  are uncorre la ted  

which makes t h e  measurement e r r o r  c o r r e l a t i o n  matr ix  diagonal ,  

(2) t h e  measurement no i se  and t h e  state dev ia t ion  are un- 

c o r r e l a t e d  which makes t h e  P mat r ix  the  e r r o r  covariance 

mat r ix  af ter  measurement, and ( 3 )  t h e  assumptions stated be- 

f o r e  concerning the  i n i t i a l  i n j e c t i o n  e r r o r s  s t i l l  apply.  

T h i s  allows the  computation o f  t he  i n i t i a l  M m a t r i x .  
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All q u a n t i t i e s  except  the a c t u a l  measurements and the  

updated best estimate o f  t h e  s ta te  devia t ion  may be preca l -  

cu la t ed .  That is ,  w i t h  an  assumed nominal o r b i t ,  t h e  H and 

P matr ices  may be ca lcu la ted .  Also the  nominal measurement 

values ,  $, may be ca lcu la ted .  

the  measurements must be taken and used w i t h  t h e  p reca lcu la t ed  

I 

i 
To process t h e  a c t u a l  data, 

nominal measurements t o  get t h e  measurement devia t ions .  

m - % =  - bm - (4.50) 

Then t h e  previous best estimate i s  updated, and the cu r ren t  

best estimate i s  obtained (equat ions  4.45 and 4.47).  

. .  
.j- . 
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CHAPTER 5 

STATE ESTIMATION PROGRAM 

The state e s t ima t ion  program which i s  described i n  t h i s  

chapter  w i l l  be  conside'red i n  two parts. (Henceforth, f o r  

convenience, t h i s  program w i l l  be referred t o  as SPADAF f o r  

SPAce D A t a  F i l t e r i n g . )  

5.1 General Descr ipt ion 

I n  t he  first p a r t  of t h e  program, the  nominal measurement 

va lues  and the elements of t he  H mat r ix  i n  frame 6 are ca l -  

cu la ted .  The motions of  t h e  Ear th  descr ibed i n  Chapter 2 

are taken i n t o  account a long  w i t h  t h e  motion of t h e  probe 

on i t s  nominal t r a j e c t o r y .  The t ransformat ion  mat r ices  de- 

f i n e d  i n  Chapter 2 are computed i n  the subrout ines  labeled 

TR1, TR2, TR3, and TR6. These subrout ines ,  a long w i t h  t h e  

subrout ine  TRAFER, which m u l t i p l i e s  a three-component column 

v e c t o r  by a 3x3 matr ix ,  and t he  JPL Ephemeris Tapas, are 

d iscussed  i n  s e c t i o n s  5.6 and 5.7. 

The second p o r t i o n  of SPADAF makes use of t h e  r e s u l t s  

obtained i n  p a r t  one t o  f i l t e r  a c t u a l  measurement data i n  

real  t i m e  and thus a r r i v e  a t  an estimate o f  the probe 's  

s ta te  i n  frame 6 .  The equations f o r  the  e s t ima t ion  are pre- 

s en ted  i n  Chapter 4 and are repeated i n  t h e  SPADAF flow 

c h a r t ,  which i s  presented  i n  s e c t i o n  5.5. 
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. I n  both p a r t s  of SPADAF, information based on a predesig- 

na t ed  nominal t r a j e c t o r y  is needed. 3 and T& are required 
1 -  

i n  t h e  c a l c u l a t i o n  of  H,  wh i l e  i n  the  f i l t e r i n g  sec t ion ,  i t  

i s  necessary t o  know t h e  state t r a n s i t i o n  matr ix  a long the  

nominal t r a j e c t o r y .  Several  methods e x i s t  f o r  c a l c u l a t i n g  

R+ q, and 9. 
two body assumption, while t he  most complicated would take 

i n t o  account the inf luence  o f  each p l a n e t  i n  t he  s o l a r  system. 

Programs are a v a i l a b l e  a t  t h e  Center for Space Research 

which compute the  requi red  nominal q u a n t i t i e s  at any t i m e  

past i n j e c t i o n .  These programs take i n t o  cons idera t ion  t h e  

major pe r tu rb ing  e f f e c t s  t h a t  would be encountered by the  

probe . 

The s implest  of  these would be based on a 

Preceding the  flow char t  is  a list of t h e  i n p u t s  neces- 

s a r y  t o  process  measurements f o r  a p a r t i c u l a r  case.  The 

i n p u t s  are described i n  t h e  l i s t i n g  w i t h  s u f f i c i e n t  de t a i l  

except f o r  the  t i m e  inputs .  Since p r a c t i c a l l y  a l l  of the  

q u a n t i t i e s  computed i n  SPADAF w i l l  be t i m e  dependent, it i s  

important t o  choose a cons i s t en t  and an accu ra t e  s y s t e m  of 

t i m e .  This w i l l  be discussed i n  s e c t i o n  5.3. 

5.2 Poss ib le  Changes 

There appear t o  be  t w o  p o s s i b l e  changes t o  SPADAF t h a t  

may be  desirable o r  necessary i n  t h e  fu tu re .  The first 

change arises when t h e  frame i n  which t h e  measurements are 

taken dev ia t e s  s l i g h t l y  from frame 5. This was discussed i n  

Chapter 2 . 
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The second change a r i s e s  when i t  appears t h a t  t h e  computed 

estimate of t h e  state devia t ion ,  &, becomes large enough t b  

i n v a l i d a t e  equat ion 3.5. To c o r r e c t  t h i s  s i t u a t i o n ,  it may 

be necessary t o  check the magnitude of  6 2  a t  each measure- 

ment and r ede f ine  t h e  nominal t r a j e c t o r y  based on t h e  best 

e s t i m a t e  of t h e  t r u e  state, 5, a t  the  t i m e  62 approaches t h e  

p o i n t  where equat ion 3.5 i s  no longer  va l id .  

5.3 Systems of Time Determination 

' - 

A - 

The purpose of t h i s  s e c t i o n  is  merely  t o  in t roduce  some 

o f  t h e  concepts used i n  the  determinat ion of t i m e  and t o  

provide a basis f o r  understanding t h e  t i m e  i npu t s  requi red  

i n  SPADAF. For a complete and a u t h o r i t a t i v e  survey of  t i m e  

systems, see Reference 8. 

P r i o r  t o  the  discovery that  the E a r t h ' s  r o t a t i o n  rate,  

u, is var i ab le ,  per iods of t i m e  were def ined by t h e  r e l a t i v e  

p o s i t i o n s  of c e l e s t i a l  bodies w i t h  r e spec t  t o  t he  Greenwich 

meridian. These t i m e  systems are not  uniform s i n c e  the 

l eng th  of  a s o l a r  or a sidereal day v a r i e s .  The desire f o r  

a uniform measure of t i m e  led t o  t he  adoption of  Ephemeris 

t i m e  (ET) i n  1958. 

Current ly ,  there are three commonly used t i m e  s y s t e m s ,  

which are as follows: 

1. Universal  t i m e  (UT) i s  def ined  by the  d i u r n a l  ( d a i l y ) ,  

nonuniform motion of t h e  E a r t h  w i t h  r e spec t  t o  t h e  

SUn. 

2. Sidereal t i m e  is defined by the  d i u r n a l ,  nonuniform 

motion of t h e  Ea r th  w i t h  r e s p e c t  t o  t he  stars. 
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t 

3. Ephemeris t i m e  (ET) i s  def ined by t h e  laws of dynamics. 

The l eng ths  of the var ious  t i m e  u n i t s  i n  t h i s  s y s t e m  

are f ixed  by de f in i t i on .  

Sidereal t i m e  and universa l  t i m e  are related by a numerical  

formula, while UT and ET d i f f e r  by the varying quan t i ty  AT 

which must be determined empir ica l ly ,  I n  p r a c t i c e ,  AT i s  

determined from observed motions of t he  Moon. 

To provide a continuous count of t h e  days t ha t  have passed 

s i n c e  an epoch far i n  the p a s t ,  t h e  concept of t h e  J u l i a n  

date w a s  established by astronomers. A J u l i a n  day number 

has been assigned t o  each day, beginning a t  Greenwich noon 

(12h),  t h a t  has e lapsed  s ince  January 1, 4713 B.C. 

J u l i a n  date o f  any i n s t a n t  i n  t i m e  past t h e  4713 B.C. epoch 

inc ludes  the  J u l i a n  day  number p l u s  t h e  f r a c t i o n  of t he  day 

past 1.2~. 

The 

Or ig ina l ly ,  t h e  J u l i a n  day count was intended t o  be a 

continuous count of m e a n  solar days.  Although ephemeris 

t i m e  i s  uniform, it i s  still  p o s s i b l e  t o  use a similar con- 

t inuous  day count based on ET. Since the  beginning of  

ephemeris t i m e  was def ined as January Od 12h 1900 (ET),  the  

J u l i a n  date (UT) i s  very close t o  t h e  J u l i a n  date (ET) a t  

tha t  i n s t a n t .  Because of t h i s  d e f i n i t i o n ,  AT i s  small a t  

t h e  1900 epoch but begins t o  grow as t i m e  p rogresses  from 

t h a t  epoch. 

The Ephemeris Tapes used i n  SPADAF are based on an epoch 

def ined  by t h e  beginning of t h e  Besse l ian  y e a r  1950. This 
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epoch i s  denoted by 1950.0 and is  determined by the p o s i t i o n  

r e l a t i v e  t o  t h e  E a r t h  of an imaginary po in t  ( f i c t i t i o u s  sun) 

on t h e  mean c e l e s t i a l  equator.  The J u l i a n  date (ET) cor- 

responding t o  1950.0 i s  243 3282.423357. 

5.4 Program Inputs  

1. 

2. 

3. 

4 .  

5. 

6. 

7. 

8. 

9. 

10 . 
11. 

Geocentric l a t i t u d e ,  4 ,  and longi tude,  2, of  the 

t r a c k i n g  s t a t i o n  i n  degrees . 
I n i t i a l  ( i n j e c t i o n )  p o s i t i o n ,  & ( A U ) ,  and v e l o c i t y ,  

V ( A U / Y r ) ,  of the  probe r e l a t i v e  t o  t he  Sun i n  

frame 1. 

E r r o r  covariance matrix a t  i n j e c t i o n  Mo(AU and 

A U 2 / Y r 2 )  . 
Measurement e r r o r  c o r r e l a t i o n  mat r ix  R ( A U 2 / Y r 2  and 

rad2) . 
Magnitude of the  Ear th ' s  r ad ius  r a t  t h e  t r a c k i n g  

s t a t i o n  i n  AU. 

J u l i a n  date ( U T )  of i n j e c t i o n  i n  days. 

J u l i a n  date (UT) of t h e  measurement i n  days. 

Correct ion f a c t o r  AT t o  convert  u n i v e r s a l  t i m e  t o  

ephemerls t i m e  i n  days.  

The measurements A ,  L, and i n  rad and AU/Yr.  

J P L  Ephemeris Tapes. 

Subroutines o r  tapes  t o  provide t h e  nominal €I, 1, 
and a t  t h e  measurement times. 

-0 

- 
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Begin Computation 
. 
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- 
t 

Calcula te  t i m e  increments i n  proper  u n i t s  for  

compat ib i l i ty  wi th  subrout ines  TR1, TR2, t h e  

Ephemeris Tapes, and the  nominal t r a j e c t o r y  

r o u t i n e s  . 

5.5 SPADAF Flow Chart 

C a l l  TR1 t o  c a l c u l a t e  C $  and a s c a l a r ,  bay t o  

be used i n  TR2. 
i .I 

> 

Convert 4 and L f r o m  degrees t o  rad ians ,  and 

c a l l  TR3 t o  c a l c u l a t e  ~ 3 .  



. 

C a l l  TRAFER w i t h  M M t o  c a l c u l a t e  r ( 5 )  . - 
i 
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c 

Obtain sb, s b ,  v -em, R and Sm i n  frame 1 from 

the  JPL Ephemeris Tapes using the  J u l i a n  date 

(ET) of  the measurement t i m e .  

Subt rac t  r ( s )  from t h e  preceding r e s u l t  t o  

ob ta in  Q i n  frame 5. 
- 

. A 

1 
C a l l  TR6 using gl) and G1) t o  c a l c u l a t e  C f .  

+ 
Set n = 1/82.3015 and form t h e  vec tor  

) ( 1 )  (% - %b + “R-em 

Transform t h e  preceding vec to r  t o  frame 5 by 

using TRAFER three t i m e s  i n  succession w i t h  

€4 N and C i ,  C t ,  and C: r e spec t ive ly .  
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41, Calcu la t e  the nominal value of e l eva t ion ,  

w i n g  equat ion 3.45, - i 

. 
* 

Calcula te  t h e  nominal value of  azimuth, AN, 

using equat ion 3.46. 

. 

Form the  vec tor  (s - Xsb + nGm ) ( 1 )  

4 

1 
Calcula te  p N ,  t he  nominal magnitude of - p .  

"ransform the  preceding vec to r  t o  frame 5 

using TRAFER three t i m e s  in succession w i t h  

M N and C:, C t ,  and C'; r e spec t ive ly .  

Probe i s  
below the  
horizon. 

t o  detzrmine 
i f  t h e  probe i s  < viewable. 



. 

Transform t h e  vector  (s - Sb + n S m  )(1) t o  

f r a m e  5 using TRAFER three t i m e s  i n  succession 

w i t h  M < N and C:, 62, and C'; r e spec t ive ly .  

4 4  

Calcula te  t h e  nominal value of 6 ( 1. - 

Calcu la t e  t he  nominal value of b .  

6 N  = ($&)/PN 

Calcula te  t h e  first two rows of t he  H matrix 
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Inve r t  Mo and R.  
- 

45 

. 

. 

. 

I 
Calcula te  the  las t  row of t h e  H m a t r i x  i n  

frame 5. 

H31, H32, H,, = Three components of 

H,,,, H35, H,, = Three components of &/pN 

( A l l  vectors  are coordinat ized i n  frame 5.) 

Transform the  t h r e e  measurement vec to r s  of 

the  H mat r ix  f rom frame 5 t o  frame 6 using 

TRAFER four t i m e s  i n  succession w i t h  M > N 

and CS, C t ,  C i ,  and Ci r e s p e c t i v e l y .  

Go t o  A 

Yes 



. 

r 

I Calcu la t e  t h e  i n i t i a l  weighting matrix.  

1 
Calculate  and s t o r e :  

Ca lcu la t e  t h e  i n i t j l a l  best estimate of t he  

state devia t ion .  

, 

.) 

Calcula te  the i n i t i a l  measurement dev ia t ion  

ve c t  or. 

1 
Calcula te  the i n i t i a l  best estimate of t h e  

state. 

= xJo + &  
-0 

I 
c 

1 

Return t o  s t a r t  f o r  new inpu t s .  
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Ki = P HTR-' i i  

. = .  
. 

t - 
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P 
I Calculate gi based on the t i m e  increment - 

from 1-1 t o  1. 

the t i m e  of 

i f  t h e  probe I s  wlthi  Go t o  Prediction 
two weeks of 

1 
t I 

Calculate and s tore:  

pi = ( 5 1  + HTR-lHi ) - l  

Calculate the weighting matrix. 



. 
+ .  

Return t o  s t a r t  for  new inputs. 

48 
. '  

I 
Calculate the measurement deviation. 

where mT - = [ A , L , 6 ] and 

1 
Update the previous b e s t  estimate of  the state 

I deviation. 

6X = \ 62 
-i -1 -i-1 

1 
Calculate and store the current b e s t  estimate 

I o f  the s t a t e  deviation. 

Calculate the b e s t  estimate o f  the probe's 

state i n  frame 6 .  



. 

. 

+ sa h 

q = 5 4 i  -i 

49 

c 

Return t o  start  for new inpu t s .  

Calcu la te  the predicted best estimate of t h e  

probe's s ta te .  

c 
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t 5.6 The Subrout ines  

This  sub rou t ine  involves  computing t h e  elements of a 

t r a n s f o r m a t i o n  m a t r i x  from frame 2 t o  frame 1 and a trans- 

formation mat r ix  from frame 3 t o  frame 2, 

s u b r o u t i n e  i s  t h e  matr ix  C j C z  and t h e  scalar 6a. 

The ou tpu t  o f  t h e  

The elements of t h e  C: m a t r i x  are r e p r e s e n t a t i v e  of t h e  

luni-solar and p l a n e t a r y  p recess ions  of t h e  m e a n  e q u a t o r i a l  

p lane .  The computat ional  form f o r  t h e  9 elements of t h e  ma- 

t r i x  are as fol lows:  

a l l  - - 1 - .00029697T2 - .00000013T3 

a12 = '821 = .02234988T + .00000676T2 

- .00000221~3 

a13 = - 8 3 1  = .00971711T - ,00000207T2 

- .00000096T3 

= 1 - .00024976T2 - .00000015T3 a 2 2  

a 2 3  - - a 3 2  -.00010859T2 - .00000003T3 

a 3 3  = 1 - . o o o o 4 7 2 i ~ ~  + .00000002~3 (5.1)  

The t i m e  T i n  t h e  above expres s ions  i s  t h e  number of 

Ju l i an  centuries of 36,525 days p a s t  1950.0. T h e o r e t i c a l  

d i s c u s s i o n s  of t h e  matrix elements are p r e s e n t e d  on page 66 

of  Reference 10 .and i n  Reference 8. 

h e r e  corresponds t o  t h e  t r anspose  o f  t h e  A mat r ix  o u t l i n e d  

on pages 66 and 67 of Reference 10. 

The C: mat r ix  d e s c r i b e d  

The elements o f  t h e  C: m a t r i x  r e p r e s e n t  t h e  nu ta t ion  of  

t h e  E a r t h ' s  true e q u a t o r  about a m e a n  equator and are of t h e  
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.) 

c 

form 

6#cos r 
1 (5.2) 

1 

1 

- s i n  F - 6 E  

6rl, denotes t h e  nu ta t ion  i n  longi tude,  whi le  6 c  denotes 

t he  n u t a t i o n  i n  ob l iqu i ty .  Obliqui ty  is  t h e  angle  a t  which 

the e q u a t o r i a l  plane i s  i n c l i n e d  t o  t h e  e c l i p t i c .  F i s  the  

mean o b l i q u i t y  of  date. 

The computational forms f o r  a$,  6 ~ ,  and F are rather ex- 

t e n s i v e  and w i l l  not be given here. They are func t ions  of  

t i m e  only and are presented on page 68 of Reference 10. 6 9  

I 

and 6~ are a l s o ' c a r r i e d  on t h e  JPL  Ephemeris Tapes. 

To complete the computation i n  TR1, C$ i s  mul t ip l i ed  by 

Ci t o  y i e l d  t h e  desired t ransformation matr ix  C:. 

s c a l a r .  &a, is  equal  t o  6$cos F,  one of  t h e  elements of  t he  

The 

C2 matrix.  
3 

A l i s t i n g  of a subrout ine TRl appears i n  t h e  Appendix. 

This subrout ine is i d e n t i c a l  t o  the one j u s t  descr ibed w i t h  

t h e  except ion tha t  the  matr ices  C: and C z  are computed, and 

t h e  output  i s  t h e  mat r ix  C f ,  rather than  C:. 

TR2 - 
I n  TR2, t h e  d a i l y  r o t a t i o n  of the  E a r t h  about i t s  p o l a r  

a x i s  is taken i n t o  account. The r o u t i n e  gives  e i ther  t h e  

mat r ix  C: o r  i t s  t i m e  r a t e  of  change b:, depending on the 

value of an i n t e g e r  N appearing i n  t h e  subrout ine  argument 

l i s t .  If N is  negat ive ,  C: i s  computed, bu t  i f  N i s  posi-  

t i v e ,  i s  computed. 
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The matr ix  C: performs a s imple  r o t a t i o n  about t h e  p o l a r  

a x i s  through the  Greenwich hour angle ,  y(T), of t h e  ve rna l  

equinox. The elements of t he  m a t r i x  are 

1 cos v ( T )  -s in  y ( T )  0 

0 0 1 
s i n  y ( T )  cos y ( T )  0 (5.3) 

y(T)  i s  measured from the X a x i s  of frame 3 t o  t h e  X a x i s  of 

frame 4. 

Y ( T )  = ym(T)  + 6 0  (5.4) 

where 6a is computed i n  TR1 and the mean value,  y (T), i s  

given i n  Reference 10 a s  
m 

ym(T) 100?07554260 + 0?9856473460d + (2?9015)10'13d2 + t o t  

0 5 r,(T) < 360° (5.5) 

T i s  the  cu r ren t  epoch i n  UT, whfle d is i n t e g e r  days past  

0 

W ,  t h e  v a r i a b l e  E a r t h  r o t a t i o n  rate,  i s  given i n  Reference 

10 as 

h January 1, 1950, a n d ' t  is seconds past Oh of t h e  t i m e  T. 

o = .00417807417/(1 + (5.21)10'13d) deg/sec (5.6) 

The elements of  C: a r e  

(5.7) 
0 0 "I 0 

-s in  y ( T )  -cos y ( T )  
COS Y ( T )  - s in  Y ( T )  

A l i s t i n g  of t h i s  subrout ine i s  given i n  t h e  Appendix, 

T h i s  subrout ine  computes t h e  t ransformation m a t r i x  from 

frame 5 t o  frame 4. The elements of c'; are a func t ion  
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. only of geocent r ic  l a t i t u d e  
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c 

- s in  0 cos L 
- s in  4 s i n  a 

cos 4 

and longi tude.  

-s in  a -cos 4 cos f 
cos f -cos 4 s i n  E 

0 -s in  0 
(5.8) 

A l i s t i n g  of  t h i s  subrout ine appears i n  t h e  Appendix. 

TR6 - 
TR6 is  used t o  compute the  t ransformation matr ix  from 

frame 1 t o  frame 6 ,  the f l i gh t  path coord ina te  sys tem.  

computation i s  based on the knowledge of  t h e  three components 

of fl and the  three components of V - i n  frame 1 p lus  the  knowledge 

tha; t h e  q a x i s  of frame 6 is  defined by the  d i r e c t i o n  of  1, 
and t h e  u a x i s  is  perpendicular  t o  t he  p lane  of - R and V. - 
elements of C; ape 

b l l ,  b 1 2 ,  b, ,  = Three components‘ of 1 X(R - X V)//V - X(R - X VI1 - 
bZ1,  bZ2,  b 2 , - =  Three components of V/)Vl - -  

The 

The 

b31, b 3 2 ,  b,, = Three components of - R X V/(R - -  X VI - (5.9) 

I n  the preceding expressions,  

frame 1. The t ransformation t o  frame 6 i s  requi red  only be- 

cause the  s ta te  t r a n s i t i o n  mat r ix  was developed i n  t ha t  frame. 

A l i s t i n g  of TR6 appears i n  the Appendix. 

TRAFER 

and V - are coord ina t ized  i n  

This subrout ine  takes a 3 component column v e c t o r  and 

m u l t i p l i e s  i t  by a 3x3 matrlx. The mat r ices  used i n  TRAFER 

are t h e  t ransformat ion  matr ices ,  Ck,  generated by t h e  TR 

subrout ines .  The r o u t i n e  w i l l  mul t ip ly  t h e  vec to r  by either 

C or i t s  t ranspose ,  which i s  Cj s i n c e  the t ransformat ion  

mat r ices  are orthogonal.  

j 

k 
3 k’ 
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I f  t h e  i n t e g e r  M is grea te r  t han  the i n t e g e r  N, t he  

opera t ion  performed i s  

If M < N, 

If M = N, 

(5.11) 

(5.11) 

where I i s  the  i d e n t i t y  matrix and - A is an a r b i t r a r y  column 

v e c t o r  that must be s p e c i f i e d  along wi th  t h e  t ransformat ion  

mat r ix  t o  be  used when TRAFER i s  ca l l ed .  A l i s t i n g  of  TRAFER 

i s  given i n  t h e  Appendix. 

5.7 JPL  Ephemeris Tapes 

The JPL Ephemeris Tapes considered i n  t h i s  program are 

capable o f  providing t h e  pos i t i on  and v e l o c i t y  of the p l a n e t s ,  

the Moon, and t h e  Earth-Moon barycenter  i n  t h e  e q u a t o r i a l  co- 

o r d i n a t e  system of the  mean equator  and equinox of  1950.0 

(frame 1) . Plane tary  and Earth-Moon barycenter  data are 

h e l i o c e n t r i c  and are expressed i n  AU and AU/day while the  

lunar data are geocent r ic  and expressed i n  E a r t h  rad i i  and 

Earth rad i i /day .  The tapes a l s o  provide the  nu ta t ions  and 

n u t a t i o n  rates i n  longi tude and o b l i q u i t y .  

The argument of t h e  tapes  is t h e  J u l i a n  date (ET) of 

t he  t i m e  of i n t e r e s t .  For a discuss ion  of  t h e  theory be- 

h ind  the  Ephemeris Tapes, see References 8, 1 4 ,  and 15. 
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CHAPTER 6 

RESULTS AND CONCLUSIONS 

To eva lua te  t h e  method employed t o  obta in  the  best esti-  
h mate of the probe's s t a t e ,  IC, t h e  s ta te  dev ia t ion  e r r o r  co- 

var iance  m a t r i x  a t  conjunction, P , was computed. For tuna te ly ,  

t o  compute t h i s  mat r ix ,  i t  is  not  necessary t o  have simulated 

o r  a c t u a l  measurement data .  

are the  s tandard devia t ions  squared of the  6 components of 

t h e  probe 's  s ta te  at  conJunction i n  t he  p-q-u coord ina te  frame. 

6 . 1  The Comparison 

C 

The s i x  diagonal  elements of Pc 

I n  re ference  13,  a similar s ta te  determinat ion process 

was evaluated by D .  0. Madl. From h i s  r e s u l t s ,  he concluded 

that  the es t imat ion  u n c e r t a i n t i e s  ( a )  of 4 of the 6 state 

components can be reduced t o  20% of the  value ca l cu la t ed  w i t h -  

out us ing  range rate data. To achieve the  20% reduct ion ,  the  

unce r t a in ty  i n  the  frequencies  t r ansmi t t ed  from t h e  probe 

( 0 , )  

ond. 

t i n g  

must b e  reduced t o  1 p a r t  pe r  l o 8  o r  3/4 cycles  p e r  sec- 

I n  h i s  i n v e s t i g a t i o n ,  Madl assumed tha t  (1) a nonrota- 

E a r t h  i s  i n  a c i r c u l a r  o r b i t  around t h e  Sun, ( 2 )  t h e  

t r a c k i n g  s t a t i o n  i s  loca ted  a t  the c e n t e r  of t h e  Ear th ,  

( 3 )  azimuth i s  def ined as the  angle  between t h e  Earth-Sun 

l i n e  and t h e  Earth-probe l i n e ,  and (4) e l e v a t i o n ,  t he  angle  



between t h e  Earth-probe l i n e  and t h e  e c l i p t i c ,  i s  zero.  

The r e s u l t s  of t h e  computation of Pc based on these 

assumptions are presented i n  T a b l e  6 .1  and shown g raph ica l ly  

i n  Figures  6 .1  and 6.2.  The results presented i n  Table 6.2 

and i n  Figures  6.3 and 6.4 were obtained by d iscard ing  these 

simplying assumptions and consider ing t h e  complete Sun-Earth- I 
probe sys t em,  That i s ,  the  complex motions o f  the E a r t h  

descr ibed  i n  Chapter 2 were taken i n t o  account, Since the  
~ 

t r a c k i n g  s t a t i o n  was placed on t h e  E a r t h ' s  su r f ace ,  azimuth 

and e l eva t ion  were redefined. (See s e c t i o n  2 .2)  

The numbers i n  Table  6.1 are very c lose  t o  those  i n  Table  

6.2, T h i s  i n d i c a t e s  t h a t  Madl's conclusions are v a l i d  even 

when the  complete geometrical  model i s  considered. The f a c t  

t h a t  the  r e s u l t s  do agree does not  mean tha t  t h e  s impl i fy ing  

assumptions can be used i n  t he  processing of a c t u a l  data. 

These assumptions were used t o  cons t ruc t  a s imple  geometric 

model i n  o rde r  t o  eva lua te  the  app l i ca t ion  of  Kalman f i l t e r i n g .  

In  an a c t u a l  data processing scheme such as SPADAF, only t h e  

complete geometrical  model i s  va l id .  To i l l u s t r a t e  t h i s  

p o i n t ,  consider  t he  H matrix which i s  based on t h e  nominal 

values  i,, AN, and LN. 

f o r  both models. For example, e l e v a t i o n  i s  always zero  i n  

t h e  s i m p l i f i e d  model, while i n  the  a c t u a l  s i t u a t i o n ,  e l e v a t i o n  

would vary during t h e  day as t h e  probe appeared t o  move across  

t he  sky  because of Ear th  r o t a t i o n .  

The nominal values  are not  the  same 

Although t h e  r e s u l t s  of t h i s  a n a l y s i s  v e r i f y  Madl's con- 

c lus ions ,  t he  numbers presented i n  T a b l e  6 .1  do not  agree 
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e x a c t l y  w i t h  t h e  numbers he presented (13: 45). T h i s  d i s -  

agreement i s  due t o  mistakes i n  t he  program he used t o  

compute P . 
6 , 2 Measurement Schedulinq 

C 

To make a comparison between t h e  r e s u l t s  computed using 

Madl's model and those  computed using the  complete model, 

h i s  o r i g i n a l  t i m e  schedule was changed t o  conform w i t h  t i m e s  

a t  which ephemeris data was ava i l ab le .  The change i n  any one 

measurement t i m e  w a s  not  more than two days, It can be seen 

by comparing t h e  data i n  Table 6 .1  w i t h  " tha t  i n  Table 6 , 3 A ,  

that  t h i s  s l i g h t  change caused a 10% t o  30% change i n  t h e  

diagonal  elements of t h e  Pc matr ix ,  

This r e s u l t  suggested t h a t  some "best" schedule might 

e x i s t .  The measurements a f f e c t  the  P m a t r i x  by t h e  r e l a t i o n -  

s h i p  expressed i n  equat ion 4.10. By car ry ing  out t h e  mat r ix  

m u l t i p l i c a t i o n  f o r  t he  term HTR-lH, t h e  r e l a t i o n s h i p  of t he  

var ious  elements o f  the H matrix t o  t h e  elements of t h e  P 

mat r ix  can be seen. This r e l a t i o n s h i p  shows tha t  by increas-  

i n g  the  elements o f  the  H m a t r i x  a t  each measurement t i m e ,  

t h e  Pc matr ix  w i l l  b e  decreased. H i s  a func t ion  of A ,  L, 

E, and b .  

Because azimuth varys slowly over t h e  course of  t h e  o r b i t  i n  

t h e  s imple  case,  i t  has a small e f f e c t  on t h e  computation of 

the  H matr ix .  Thus the  s imple model can be used t o  i n v e s t i -  

gate the e f f e c t  o f  - p and 6 on t h e  Pc matr ix  f o r  s e v e r a l  mea- 

surement schedules ,  The low range rate,  high range rate, and 

e a r l y  t i m e  data sets presented i n  Table 6.3B, C ,  and D show 

C 

I n  t h e  simple model L i s  cons t ra ined  t o  be zero.  
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. .  

the  wide v a r i a t i o n  i n  P f o r  d i f f e r e n t  schedules.  - C 

F i r s t ,  it is i n t e r e s t i n g  t o  compare t h e  out-of-plane 

components f o r  t h e  three schedules. Since range ra te  does 

n o t  affect the  out-of-plane component i n  t h e  s impl i f i ed  

model, t he  out-of-plane standard devia t ions  are the  same f o r  

. 

Low Range R a t e  aRu = 361\4 

u = .00914 vu 
High Range Rate uRu = 4507 

u = .0178 

u = 1627 
vu 

Ru Ear ly  Times  

u = .0116 vu 

The p o s i t i o n  dev ia t ion  for t h e  E a r l y  

Km 

Km/s  e c 

Km 

Km/sec 

Km 

Km/sec 

Time group i s  by 

fa r  the  smallest. This is reasonable f o r  the  early t i m e s  

were grouped when range had i t s  smallest value. - i s  t h e  

only element of  t h e  H matrix t ha t  e n t e r s  i n  the computation 

of t h e  uRu element of Pc. 

and Pc should b e  decreased. 

affected by the p o s i t i o n  devia t ion  through t h e  state tran- 

s i t i o n  matrix.  A reasonable explanat ion for the  d i f f e rences  

i n  these v e l o c i t y  v a r i a t i o n s  i s  obscured by t h e  complex math- 

emat ica l  r e l a t i o n s h i p s .  

1 
P 

1 

The ve loc i ty  components are 

If p i s  small, w i l l  be large, 

Next t h e  in-plane components w i l l  be compared f o r  two 

frequency va r i a t ions .  F i r s t  when u f  = 75 cps, 

= 19,607 Km uRP Low Range Rate 



. 

= ,00793 Km/sec uvq 
High Range Rate u = 23,135 Km 

u = 144,105 Km 

u = .0564 Km/sec 

uvq = .00929 Km/sec 

RP 

Rq 

VP 

Early T i m e s  u = 28,538 Km 

= 132,636 Km 

uvp = .0536 Km/sec 

= .0114 Km/sec 

RP 

Rq 

uvq 
Uf = .75 cps 

LOW Range Rate uRP = 3127 Km 

= 10,426 Km 

= .00444 Km/sec 

u = .00131 Km/sec 

‘Rq 

uVP 

vq 

RP High Range Rate u = 1716 Km 

= 6135 Km 

u = .00308 Km/sec 

u = .000687 Km/sec 
VP 

vq 

RP 

Rq 

VP 

Early Times U = 3012 Km 

u = 9608 Km 

u = .00394 Km/sec . 

= . O O l l g  Km/sec 

The in-plane components are func t ions  of A ,  p and 6. 
% 

- 
When knowledge of t h e  range ra te  i s  not good, t h e  l o w  range 

rate schedule  produces smaller in-plane var ia t ions.  
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1.8 

1.6 

(7 )  1.4 

( 6 )  1.2 

( 5 )  1.0 

( 4 )  0.8 

( 3 )  0.6 

( 2 )  0.4 

(1) 0.2 

( 0 )  0.0 

(-1) 

T i m e  ( Y r )  

Me as urement  
S c h e d u l e s  

High Range Rate: t t ***I * 4s t t t t t t t t t t t  

Low Range Rate: t t t t t t t t  t +  t t t t t t t t t t t  t t t***t 

E a r l y  Times:  t t  t t t  t t t  t t t  t t  t 

Vadl's Times :  t t t t t t t + +  t t t +  t t t  t t t t  t t t t t t  t t  t t  

I n d i c a t e s  c l u s t e r e d  measurements  
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However, when the  q u a l i t y  o f  the  range rate information i m -  

proves considerably,  t h e  high range ra te  schedule determines 

better in-plane components. 

The var ious schedules used i n d i c a t e  t h a t  wh i l e  some "best" 

mission schedule  does e x i s t ,  i t  i s  not  j u s t  a simple func t ion  

of t h e  measurement var iab les .  The q u a l i t y  of  t h e  measure- 

ments and the  s t a t e  t r a n s i t i o n  mat r ix  must a l s o  be considered. 

I n  t h e  a c t u a l  d a t a  processing s i t u a t i o n ,  t h e  problem may 

be examined i n  two parts. The  f irst  i s  t h e  mission sched- 

u l i n g  phase which i s  t h e  same as t h a t  i l l u s t r a t e d  by the  

s imple  model. Tha t  is, s ince  p and 6 vary s lowly,  t he  meas- 

urements should be scheduled over t he  course of  t h e  mission 

w i t h  the  values  of  p and 6 i n  mind. 

- 

Next a d a i l y  t i m e  sched- - 
u l e  could be worked out i n  l i g h t  of t h e  large d i u r n a l  var ia -  

t i o n  of  azimuth and e l eva t ion  caused by t h e  E a r t h ' s  r o t a t i o n .  

(Their va lues  are constrained by t h e  v iewabi l i ty  of t h e  probe 

from the  s t a t i o n  and by t he  Earth-probe p o s i t i o n  r e l a t i o n -  

ship.)  Since - p and 

course of  a day, changing a l l  t h e  t i m e s  by s i x  hours would 

al low the  effect  o f  azimuth and e l e v a t i o n  t o  be s tudied .  

The data presented  i n  Table 6-33 can be compared t o  t h e  data 

i n  Table  6.2. 

ment t i m e s ,  the  elements of t h e  Pc mat r ix  d i f fe r  by as much 

as 30%. This would suggest tha t  some "best" d a i l y  schedule 

does e x i s t ,  

do not vary a great deal during the 

For j u s t  a s i x  hour change i n  a l l  t h e  measure- 

The e f f e c t  of t h e  H matrix i s  no t  t h e  only f a c t o r  t h a t  

must be considered i n  the a c t u a l  case.  The f a c t  t h a t  
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atmospheric refraction has a greater e f f e c t  when the e l e v a t i o n  

angle  i s  s m a l l  might r e s t r i c t  t h e  allowable measurement t i m e s .  

Also, there might be p h y s i c a l  r e s t r i c t i o n s  on t h e  p o i n t i n g  

of  t h e  antennas. A possible  extension of t h i s  thesis would 

be t o  examine the  scheduling problem i n  depth,  inc luding  t h e  

mathematical maximization problem as w e l l  as p r a c t i c a l  

cons idera t ions .  
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APPENDIX 

THE COMPUTER PROGRAMS FOR P 

The ob jec t  of t h i s  appendix is t o  desc r ibe  t h e  two com- 

p u t e r  programs used t o  c a l c u l a t e  t h e  s t a t e  dev ia t ion  e r r o r  

covariance m a t r i x  a t  conjunction, Pc. 

w r i t t e n  i n  For t r an  I V  fo r  use on t h e  IBM Sys tem 360. 

A .  1 Mad1 ' s  Program 

Both programs are 

The first program u t l i z e s  a main program and a subrout ine  

VCTR based on Madlvs simplif-ied model of t h e  Sun-Earth-probe 

system out l i n e d  i n  Chapter  6. 

The i n p u t s  f o r  t h i s  program are t h e  measurement t i m e s ,  

ST(1)  , i n  years past launch; t h e  three measurement var iances ,  

SS(J), i n  rad2 and A U 2 / Y r 2 ;  and the  6 elements of t h e  i n i t i a l  

e r r o r  covariance m a t r i x ,  EO(K,K), i n  AU2 and AU2/Yr2.(13:48) 

Other  variables i n  t h e  program are as follows: 

AM semi-major a x i s  of t h e  nominal probe trajectory 

U Sun * s g r a v i t  a t l o n a l  constant  

E nominal probe o r b i t  e c c e n t r i c i t y  

AVN mean angular  motion of t he  probe 

A I  e c c e n t r i c  anomaly of  t h e  probe's T n i t i a l  p o i n t  

A l i s t i n g  of t h e  main program and the  17 subroutines used 

is  presented  i n  A . 4 .  The subrout ine  VCTR computes t h e  1 8  
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elements of t he  H mat r ix  whfle the  T R 6  and TRAFER rou t ines  

deal w i t h  vec tor  t ransformations and are descr ibed i n  Chap- 

t e r  5. KEPLER is  based on B a t t i n ' s  un ive r sa l  formulae f o r  

conic  o rb i t s . (2 :49 )  When the  v e c t o r  components of the  Ani- 

t i a l  p o s i t i o n  and ve loc i ty  of a body are s p e c i f i e d  i n  a co- 

ordinate *ante, KEPLER computes t he  components of p o s i t i o n  

and v e l o c i t y  i n  the  same frame a t  some specified l a t e r  t i m e .  

Two body mechanics are assumed. 

The remaining 13 subrout ines ,  XTRP, TRUE, CCOH, PERI, 

NVRT, MTRM, MTRN, MTRS, MTRT, M P Y 1 ,  MPY2,  MPY3, and SUM, 

were w r i t t e n  by M r .  John Pagan and are discussed b r i e f l y  i n  

Reference 13. Bas i ca l ly ,  Fagan's rou t ines  c a l c u l a t e  a two 

body state t r a n s i t i o n  matr ix  I n  frame 6 and use that  matr ix  

t o  con t inua l ly  update best estimates of P which are based on 

the  H ,  R,  and M matr ices .  

A . 2  The Geometrically Exact Program 

Th i s  program u t i l i z e s  a main program and a subrout ine  

VCTR based on t h e  a c t u a l  motions of t h e  E a r t h  i n  i n e r t i a l  

space. The program l i s t i n g  presented i n  A . 5  conta ins  t h e  

main program and t h e  subrout ines  VCTR, TR1, TR2, and TR3. 

These last three subrout ines  were explafned i n  Chapter 5. 

Although not  contained i n  t h e  l i s t i n g ,  t h i s  program uses the  

subrout ines  T R ~ ,  TRAFER,  KEPLER, and Fagan's 13 subrout ines  

which were mentioned in t h e  preceding sec t ion .  

The i n p u t s  t o  t he  program inc lude  the  Inpu t s  mentioned 

in A . 1  p l u s  t a b u l a r  values f o r  the p o s i t i o n  and v e l o c i t y  of 

t h e  E a r t h  w i t h  respect t o  the  Sun i n  a h e l i o c e n t r i c  mean 
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e c l i p t i c  and equinox coordinate  s y s t e m  of  1950.0 and t h e  

p o s i t i o n  and ve loc i ty  of t h e  Moon w i t h  r e spec t  t o  t h e  Ea r th  

i n  a geocent r ic  mean e c l i p t i c  and equinox coordinate  system 

of 1950.0. These pos i t i ons  and v e l o c i t i e s  are r o t a t e d  through 

t h e  angle  t o  frame 1. Normally, i f  t h e  JPL  Ephemeris Tapes 

are used rather than t a b u l a r  va lues ,  a r o t a t i o n  i s  not  nec- 

essary because t h e  pos i t i ons  and v e l o c i t i e s  are a v a i l a b l e  

i n  frame 1. 

A.3 General Comments 

The components of the  probe's i n i t i a l  p o s i t i o n  and veloc- 

i t y  vec to r s  i n  frame 1 are s p e c i f i e d  i n  t h e  main program 

( R I L  and V I L ) .  These components are based on t h e  o r b i t  pa- 

. rameters given i n  Chapter 1. 

The measurement times used t o  compute t h e  values  l isted 

i n  Tables  6.1 and 6.2 are spaced over the per iod  of one y e a r  

t o  co inc ide  w i t h  the occurrences of high range ra te ,  With 

t h e  except ion of the ephemeris data, t h e  inpu t s  t o  both pro- 

grams are i d e n t i c a l  and a r e  l i s t e d  i n  A . 4 .  

Again, it i s  important t o  no te  that  it 1s not  necessary 

t o  have a c t u a l  measurement data t o  ob ta in  the  f i n a l  r e s u l t ,  

P a t  conjunction. 
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A . 4  L i s t i n g  of Madl's Proqram (Corrected) 
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A .5 Listing of' the Geometrically Exact Program. 

G iJ C(1FRFR E4L 

ERAR=2?.4457587*CV 
C ( l = r K O S  ( € B A R  1 
S N = l ! S I h  ( E B A K  1 
C 0 '4 = 1 4 9 5 9 9 Cf) O/ 6 3 7 8 . 3  2 5 5 
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